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1. Introduction
Integral transform is an important method to solve mathematical problems. Appropriate choice of
integral transform helps to convert differential equations and integral equations into terms of
algebraic equations that can be solve easily [7,6,17]. This kind of integral transform was introduced
firstly by Laplace [19], and the Fourier transform was introduced in 1822 by Fourier [19]. In fact,
These two integral transforms represented a crucial applications in many fields.
During last two decades, many integral transforms in the class of Laplace transform are introduced
such as Sumudu, Elzaki, Hy, Wavelet, sawi and Kamal transforms [2,4,8,11,12,18-25].
In this work, a new integral transform has been introduced, called “Ro-transform” which used to
solve linear differential equations, partial differential equations as well. Moreover, brief details
about this integral transform has been provided such as, its general definition, the duality property
between Laplace transform and Ro-transform besides the related theorems and properties.
Since the novel of fuzzy transforms, mathematically well founded way with many applications, so
there is a crucial role for the fuzzy differential equations in various aspects including mathematics,
statistics and engineering. Furthermore, one of the most popular theories for modelling many real-
world problems, is the fuzzy set theory [21]. Thus, recently, some researchers convert some integral
transforms to fuzzy transforms to solve fuzzy differential equations like Allahviranloo and Ahmed
[1] as well as fuzzy Sumudu transform and fuzzy Laplace and their application [3,5,10,16], fuzzy
Tarig transform [13], etc.
Based on the briefly recapitulated above, we propose fuzzy Ro-transform. general definition, related
theorems and introduce fuzzy derivative formulas about the first order and second order derivatives.
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An extension for the kernel function in this new integral transform is discussed as well. Thermal

system equation is established to examine the results of the proposed technique.

2. Definitions and Theorems
Definition1: Let f (@) be an integrable function defined for @ >0, let¥(v) =0 be positive

function and Y(v)#Obe positive complex function such that W(v)=v?and Y(v)=(iYv),

Q=2n+1, an integral Ro-transform ‘R(U) of f(@)can be defined by the following formula:
R(v) = R{f (@),0}=v"[ f (@)e “"da, n21 (1)
0

Definition2. (The inverse of Ro-Transform): The Ro-transform inverse of ER(U) denoted by

R‘l[ﬂ%(u)] is the piecewise continuous function f(@) on [0,c0)which satisfies:
R|f (@)|=R(v).

3.Ro-Transform for Some Elementary Functions:
Assume that for any function f (@), the integral in equation (1) exists. So Ro-transform will be:

Function f(@)=R"{R()} R(v)=R{f(@),0}
f(z)=1 R{f(w),u}:%, Q=2n+1
19
f(@)=o R{f(w),u}:_u—zz, Q=2n+1
iYv
f(@)=a" R{f (@) u}=LUZ n>
(i%)ml’
f (@) =sinaw av’
R{f(w),U}Z—Z
(i%) +a?
f (@) =cosaw 2(i%v
R{f(@) v}= —(i:/_()z Jl:iz
v
f(@)=sinhaw R{f(w),u}—( \/_22 i >1
iYv) -1
f (@) =coshaw 2(i9
R{f(w),u}—(li)(\l/g)z\/g_)l 90 1
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f(w)=6e" v
R{f(@),v}= ™

i >1
U_

Following are proofs for some Ro-transform of some functions:
Proof:

If f(@)=a,then

R(w) = v? j we_(i%)wdw , integrating by parts to get:
0

1 %i%)ww 1 < {i%)w
R(w)=0?| —=wme +—— | we dw
(=) LJ’ el
UZ
_%.
1. If f(@)=sinha@, then
R(sinh w)zuz_[sinh we 74 since sinha = &—5— Then:
0
2[w o 2
=2l (e Pdg - [eFPdg |- Y idb>1.
2 o[\
0 0 (I U) -1
3.If f(@)=¢e",then
T\ _ 2OO @ —(i%)m 2Oo —(i%)w iQ
R(e”)=v !e e do= v J;e do = e | v>1.

Theorem1:
Let f (w) is a differentiable function with respect tow , V?is a real positive function and iv is

complex positive function, then:

1. R{f’(w),u}z(i%)R[f(w)]—uzf(O),
2. R{f "(w),u}z(i%)2 R[f (w)]—uz(i%) f(0)-02f'(0),
3. R{f<“>(w),u}=(i%)” R[ f (w)]—uznz_l:(i%)nlk ().

k=0
Proof:

1. Since R{f'(w),v}= UZJ. f'(w)ef(i%)wdw, integrating by parts:
0

UZT t'(w)e " da =(i¥0)RIf (@) -v(i¥0) f (0), thus
R{f '(w),u}:(i%) RLf (@)]-v?f(0)
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2. R{f "(w),u}zz)zj f"(w)ef(i%)adw, integrating by parts twice:
0

(i¥0) RLF (@)]-0(i¥0) F©)-v*f'(0).

3. For this n'" derivative can be prove using mathematical induction.
Theorem2: Let f,(w) and f,(a)are integrable functions with Ro-transforms R, (v) and R, (v)

respectively, i.e. R{f, (@)} =%, (v)and R{f, (=)} =R, (v).Then it can be shown that
R{(1* 1) (@)} =259, (0) 3, (0).

Proof:

R(f,*f,) = uje 7 (fx f,)do = uje “’ﬁfl (@ - Tdr}dw

= UZIe“‘W fl(w)drje_i%w f,(z-r)w = %i}{l(u)iﬁz(u).
0 0

Following theorem shows the relation between Ro-transform and Laplace transform.

Theorem3: (Duality between Laplace Transform and Ro-Transform) Let f (w) an integrable
function, if R (v)is Ro-transform and F is Laplace transform of f (@) then:

R(v)=0v*F (I%)

Proof: From Definition 1:

R(0)=RIT (2);0]=0? [¢ "7 (@) dr

Since Laplace transform (i)s denoted by:

F(p)=/f(t);pl= Ie Ptf (t)dt. Then the duality relation will be:

R(v)=0°F (Yoi).

Theoremd4. (Linearity property) Let f (@), f,(@),..., f,(@) are integrable function have
Rl[fl(w)],Rz[fz(w)],...,Rn[fn(w)] and by,b,,...b, are constants, then linearity property is
defined by:

RIb f, (@) +b,f, (@) +..+b,f, (@) =bR[f,(@)]+bR[f, (@)]+.+bR[f, (o)]

Proof:
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RIb, f, (@) +b, T, (@) +...+b, f, ()]
_ UZT[b1 (@) +b, (@) +...+b, T (@) "V

=0 jblf(w)e P e + 0 jb (@) )wdw+...+uszn f (@) e

—qujf(w)e dmbujf(w)e( )mdw+...+bnuszn(w)e(i%)wdw

=b1R[fl @ ]+b2R[f2(w)]+..+bnR[fn(w)].

3. Hlustrative Examples: The following examples explain how Ro-transform solves initial

value problems that described by ordinary differential equations.

Example 1: Consider the following ordinary differential equation:
©+20p=0; p(0)=1

Applying  Ro-transform  for  both  sides of the original  equation,

R[0]+2R[p]=0 = (i¥v)R[p]-0’0(0)+2R[p] =0
Using initial condition, to obtain:

fle)- I)Z -

Applying the inverse of Ro-transform for the last equation: ¢ =€

Example 2: Consider the ordinary differential equation:

O +p=0; p(0)=0,0'(0)=
Applying Ro-transform for both sides of the original equation, to get:
RIp1+RIp]=0 = (i¥0) Rlp]-v*(i¥0)(0)-0"!(0)+ R[p] =0

Using initial conditions, to obtain:

R[so]—( g_) »

Applying the inverse of Ro-transform for the last equation, to get: go=sinw .

4. Fuzzy Ro-Transform.

then

Fuzzy transform is method which belongs to fuzzy approximation models. It’s fundamentals are

studied from different points of view.

This section contains, fundamental definitions and basic concepts related to the present topic of this

paper are given for completeness purpose about fuzzy Ro-transform.
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Definition 3 [14]. A fuzzy membership ¢in parametric form is a pair (g,g_)of functions
(9).2(#) , $<[0.1], which fulfill the following requirements:
1. 5(19) is a bounded increasing left continuous function in (0,1],and right continuous at0 .
2. 5(19) is a bounded decreasing left continuous function in (0,1],and right continuous at O .
3. ¢(9)<z(9), gelod].
For arbitrary gz[g(&),f(&*)] and v=v(9),7(9), >0 we define the addition ¢®v,
subtraction ¢©v and scalar multiplication by ¢ >0 as in
(a) Addition: ¢®v =¢(9)+v(9).c(9)+V(9).
(b) Subtraction: c&v =¢(9)-v(9),5(I)-v(9).
(ve.vz) v > 0}
(vews)  w<o)
Definition4. [15]. Presume that o,v € E ( E: the set of all fuzzy numbers). If there exists x €E

such that o+v =« then xis named the Hukuhara difference of o and v and is identify by cov .
© always stands for Hukuhara difference.

(c) Scalar multiplication: w [ ¢ {

Definition 5. [9]. Let f(@):(a,b)—>E continuous fuzzy-valued function for @, e(a,b), f is
strongly generalized differential at @, . If there exists an element f ’(wo) € E such that:

1. Forall &> Osufficiently small 3f (@, + 7)o f (@, ),3f (@,)Of (@, — 1) and the limit is

f,(wo)zhlijg f (wo+hh)6f (@) =h||ﬂ)1 f (wo)er:c (@,—h)
Or

2. Forall 7> Osufficiently small 3f (@, ) f (@, +1),3f (, - 1) f (@,) and the limit is
f(@,)0f (a,+h) i f(@,-h)of(a,)

F(@,)= lim h et h
Or

3. Forall 72> 0sufficiently small 3f (@, +7)Of (w, ),3f (@, —7)Of (@, ) and the limit is

/(a7,) = lim f (@, +h)of(@,) _im f(@,-h)of(a,) |
h—0* h h—0* —

Or

4. Forall 72> 0sufficiently small 3f (@) f (@, +1),3f (@, —1)Sf (@,) and the limit is
/(a,) = lim f(@,)0f (@, +h) lim f(@,-h)of(a,)

h—0" —h h—0" h
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Theorem 5. [9] Assume that f :R — E be a function and indicate f (m)z(i(w;g), f_(w;g)) for

each 96[0,1] Then:

1- If f is the first form, thenf(@;9) and f(@;9) are differentiable functions and
(@)= 1 (@:9), T (@:9).

2- If f is the second form, then f(=;9) and f(w;9) are differentiable functions and
()= T(:9), 1 (:9).

Theorem 6. [20] Letf:R —E and it is represented by U(w;&),f(m;&)} . For any fixed

36(0,1] assume that f (@;9)and f (e;3)are Riemann-integrable functions on [a, b] for every

b
b>a, and assume there are two positive M 4 andM g such thatﬂj(w;&)‘dwsmg and
Hf_(w;g)‘ da <M, for every b>a.Then, f(w) is improper fuzzy Riemann-integrable on

[a,0). Furthermore, we have: I ) do = [J'E(w;&l) dw,J' f_(w;.9) da |.

(e

Definition6. Let f (w) be continuous fuzzy-valued function. Suppose that ve e f(w)dw

o %5

is an improper fuzzy Riemann-integrable on [0,), then vzje f (w)dw, is called fuzzy Ro-

transform and it denoted as:
H(0)=R[ f (@)]=0?[e " I (o)do, n=1
0

Since From Theorem 6:

o[ (o )dw—(u [e ¢ (@:9)da,o je _(w;S)dwj

Usoing the definition of classical Ro-transform:

y[f(a:9)]= j (:9)da and [ F(@:9)] =0 [ " F (,9)dor
So: O

R[f (@; 9)] = y[i(w;g)],y[f_(w;g)] .

Theorem?. Duality Between Fuzzy Laplace —Ro-Transforms.
If if%(u) is fuzzy Ro-transform and F(¢) is fuzzy Laplace transform of f(w) then:

‘j{(u):UZF(i%).
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Proof: Let f (@) e E, then:
R0 =| 2] (@39 ¥ dar , 7 [ T 906 1 dw}
0 0

Since fuzzy Laplace transform denoted by:

F(o)= Tj(t;.sl)egt dt, Tf_(t;é*)egt dt} . Then:

(0) =0F (i)

Theorem 8. Let f)(@), f,(@),..., f,(@) be continuous fuzzy-valued functions and let

1, M,,-.., 1, are arbitrary constants, then:
R[(me f,(@))@(n.e f,(@))@..0(ne f,(@))]=(ne R[t(=)])®(ne R[f,(a)])®
..®(n,e R[T,(a@)]).

=vzje‘“‘“>‘”[(n@(w),(mfﬁ(w)))+(n212<w>,(mf‘2<w>>)+---+(nnzn<w>,(mf‘<w>))]dw

(%) f(z)do @ nzuzTe_(i%)w f(z)dz®..0 "nUZTe_(i%)w fy (@) d

0 0

=(me R[1(e)])®(n.e R[T,(w)])®..@(ne R[f,(=)])

Theorem 9. Let f’(w) be continuous fuzzy-valued function and f (w) the primitive of f '(w)
on [0,), then:

1. R[f’(w)]:(i%)R[f (@) Jov? £ (0),where T is the 1°t form differentiable.

2. R[ f ’(w)] = 0% f (O)@(—i%) R[f (w)] ~where T is the 2" form differentiable.

Proof: Since f '(ZD’) is continuous fuzzy-valued function, then there are two cases as following:
Case 1. If T isthe 1%t form differentiable, for any arbitrary & E[O,l] ,

RLF(@)] =7 1'(@.9)]1[ (@)

From Theorem 1/1:

Vol. 71 No. 3s3 (2022) 234

http://philstat.org.ph



Mathematical Statistician and Engineering Applications
ISSN: 2094-0343
2326-9865

7[1'(@.9)]=(i%)
¥ (.9)]= ()]
By Theorem 2:
RL ()] =(i¥0)R[ f (=) Jov’ 1 (0).
Case 2. If f is the 2" form differentiable, for any arbitrary $<[0,1],

R[f (w)] = 7[?(@,9)},y[i(w,8)]

By same way can be get:

R[ ()] =0 (0)o(-i¥v|R[f ()].

—| | =h

Theorem10. Assume that, f (@), f'(a) are continuous fuzzy-valued functions on | 0,0}, fuzzy

derivative of fuzzy Ro-transform about second order will be:
1. If f,f’ are the 1%t form differentiable then:

R[ f"(w)]=(i¥%0) R[ f (w) Jov? (i) f ()00 '(0).
2. If f isthe 1% form differentiable and f'is the 2" form differentiable then:
R[ f"(w)]=—02(i%0) t (0)0(-i) R[ f (@)]E02f(0).
3. If f isthe 2" form differentiable and f’ is the 15 form differentiable then:
R[ f"(w) ] =0 (€0 £ (0)(~i¥0) R f (w)]-0?1'(0).

4. If f,f' are the 2" form differentiable then:

R[f"(a)]=(¥0) R[ f (a)Jov? (i¥0)  (0)-v?f(0).

Proof: Since f”(a) is continuous fuzzy-valued function and we have four cases such as

following:
1. f,f’ arethe 1 form differentiable and for any arbitrary 9 <[0,1], then:

R[ f "(w)] = 7/[1”(@6,3)},7/[?”(@,9)}

Form Theorem %:
r[17(@.9)]=(190) [ 1

[ T(@.9)]=(i%) 7[ T(@.9)]-0* (i) T (0.9)-* T'(0.9)
By Theorem 2:

R[f"(w)]=(i¥0) R f (o) Jov? (i¥0) f (0)@v2f (0).
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2. f isthe 1% form differentiable and f’ 2" form differentiable and for any arbitrary 9<[0,1],
then:

RLE"(@)]=r[T"(@.9)].7[ 1"(@.9)]

Form Theorem 1/2:
7 7(@.9)]=(i%) 7 f (2.9)]-* (i¥0) £ (0.9) -0 '(0.9)
[ T(@.9)]=(i%) 7[ T (2.9)]-v*(i%) T(0.9)-v*T(0,9
By Theorem 2:
R[ f"(w)]=—v? (i) £ (0)0(i0) R f (@) ]00?'(0).
3. f isthe 2" form differentiable and f' 1% form differentiable, and for any arbitrary 3 e [0,1],
then:

R[ f ”(m)] = y[ f_”(w,S)],y[i”(m, 3)]
Then:
R[ ()] =02 (i) 1 (0)8(-i%0) R[ f (w)]-0?1'(0)
4. f,f' arethe 2" form differentiable and for any arbitrary 9 <[0,1], then:

RLH"(@)]=r[7(.9)].7[ F"(=.9)]

Then:
R[£"(a)]=(¥0) R[ f (o) Jov? (i¥0) £ (0)-v?*f'(0)

Application
Example [13]: The following real world example is illustrated the usage of fuzzy Ro-transform to
solve the thermal system in the following figure.

[l
\ L....l g —: Out flow
N

N—"

Input flow ==

(Figure 1-Thearmal System)
The thermal capacitance £ =2, the temperature @ =0.5 thus the model will be:

Y’(h)=—wi§Y(h), Y(0)=[x(0;9), T(8:0) .

There are two cases:
1. If Y(h)is the 15t form differentiable, then:

Using fuzzy Ro-transform for both sides of original equation.

RO (h)]=—-RY(h)]
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Last equation becomes:

(i%)y[lf(h;S)]—UZI(O; ) ==Y (h; 9], (i%)y[Y(h;S)]—uzT(O; ) ==y[Y(h; 9]
By solve above equations and using the inverse of fuzzy Ro-transform, then:
using the inverse of fuzzy Ro-transform for the last equation:

Y(h;9)=e7Y(0;9), Y(h;$)=e"7"Y(0;9)
2. 1f Y(h)is the 2™ form, then:
Using fuzzy Ro-transform for both sides of original equation.
R[Y’(h )] = —R[Y(h )]
Last equation becomes:

(i%/E)y[T(h;g)]—u(i%/B)T(o;g) = —y[x(h;9)],
(i90)7Lx (h; 9)1 - v(i¥0) X (0;9) =~/ (h; 9)]

By solve above equations and using the inverse of fuzzy Ro-transform, then:
Y(h;9)=coshhY(0;4)-sinhhY(0;9),
Y(h;9)=coshhY(0;4)-sinhhY(0;9)

Ro-Transform Kernel Extension:
In this section the Ro-transform’s kernel has been extended to be n e[oo,—oo], such as the

following cases:
First Case: If N=0, then:

R(v)=R{f(@),0}= UZT f(@)e " do.

For this case, Ro-transform of simple functions will be:

Function f(@)=R"{R()} R() =R{f(@),0}.
f(w)=1 R{f(@),v}=0vi".
fo)=o R{f(@)v}=-1 .
f(@)=o" _n’
R{f (@)} o
f (@) =sinaw av’
R{f(@).0] (iv) +a’
f (@) =cosaw G
Rl =Gy e
f (@) =sinhaz _ Y
R{f (@) v} iu)2 )
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f (@) =coshaz i’

R{f(w),u}z — :
(Iu) -1
2
v

R{f(@),v}= .

(iu)—l

(%)

f(@)=¢e"

(199

Note: In this case if has been replaced kernel € '~ by e , h=0,1,2,..., to get:

0

SR(U): R{f (w),u}:uzf f(@)e " da@; it is Mohand transform or Laplace transform multiplied by
0

a constant.

Second Case: If n<—1,
1

R(v) = R{f (@), 0} = UZT f (w)e(i%}ﬂdw;

So for this case Ro-transform of simple functions will be:

Function f () = R™{R(v)) R() =R{f (@),v)
f(o)=1 R{f (@),0}=0*(iTb), @=2n+1
H@)=a R{f (@).0}=v?(i¥0) , Q=2n+1
f(@)=a" R{f(w),u}znluz(i%)m.
f (@) =sinaw (o)) = av’
R @) (L/ig0) +a?
f (@) =cosam v? %o
f(@),vj=——F—
R @) (1/igo) +a®
f(@)=sinhaw _ v 1
R{f (@) v} (1“%)2_1,i% 1
f (@) =cosh aw v? 1o 1
f(z),0! = > . >
R{f(@),v} o) 1 it
f(@)=¢e" YV 1
R{f(w)’u}_(lli%)—l'i% '
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